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SHELLABLE AND COHEN-MACAULAY COMPLETE
T-PARTITE GRAPHS
SEYYEDE MASOOME SEYYEDI, FARHAD RAHMATI, MAHDIS SAEEDI
Abstract. Let G be a simple undirected graph. We find the number of
maximal independent sets in complete t-partite graphs. We will show that
vertex decomposability and shellability are equivalent in this graphs. Also,
we obtain an equivalent condition for being Cohen-Macaulay in complete
t-partite graphs.
1. Introduction
Let G be a (simple, undirected, finite) graph. The sets of vertices and edges
of a graph G are denoted by V (G) and E(G), respectively. A set S ⊆ V (G)
is independent if no edge of G has both its endpoints in S. An independent
set S is maximal if no independent set of G properly contain S. Let m.i.s be
the set of all maximal independent sets in G. Let iM(G) denote the number
of m.i.s in G.
Definition 1.1. We say that a graph is complete t-partite graph if its vertex
set V (G) can be partitioned into disjoint subsets V1, . . . , Vt such that |Vi| = ni
for all 1 ≤ i ≤ t and G contains every edge joining Vi and Vj for all i 6= j and
1 ≤ i, j ≤ t.
Definition 1.2. We say that a graph G is t-partite graph if its vertex set
V (G) can be partitioned into disjoint subsets V1, . . . , Vt such that every edge
of G joins a vertex of Vi to a vertex of Vj for i 6= j and 1 ≤ i, j ≤ t. Moreover,
in this paper we consider t as the smallest number that has above properties.
Let G be a simple undirected graph with the vertex set V (G) = {x1, . . . , xn}
and the edge set E(G). The edge ideal ofG is I(G) as an ideal of the polynomial
ring R = k[x1, . . . , xn] over a field k that generated by all monomials xixj such
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that xi is adjacent to xj in G. We can associate to G the simplicial complex ∆G
that the faces of ∆G are independent sets or stable sets of G and I∆G = I(G).
Definition 1.3. A simplicial complex ∆ is called shellable if the facets (max-
imal faces) of ∆ can be ordered F1, . . . , Fs such that for all 1 ≤ i < j ≤ s,
there exists some v ∈ Fj \ Fi and some l ∈ {1, . . . , j − 1} with Fj \ Fl = {v}.
We call F1, . . . , Fs a shelling of ∆ when the facets have been ordered with
respect to the definition of shellable.
A graph G is called shellable, if the simplicial complex ∆G is a shellable
simplicail complex.
Definition 1.4. A k-coloring of a graph G is a labeling f : V (G)→ S where
|S| = k. The labels are colors; the vertices of one color form a color class.
A k-coloring is proper if adjacent vertices have different labels. A graph is
k-colorable if it has a proper k-coloring. The chromatic number of graph G,
χ(G), is the least k such that G is k-colorable.
The problem finding iM(G), even lower or upper bounds for it, is consider-
able lately. iM(G) is often known as the Fibonacci number, or in mathematical
chemistry as the Merrifield-Simmons index or the σ-index. The study was ini-
tiated by Prodinger and Tichy in [9]. In the paper, first we present a lower
bound for iM (G) where G is a graph with χ(G) as chromatic number and next
we conclude that χ(G) = iM(G) = t in complete t-partite graphs. By using it,
we obtain an equivalent condition for shellability in complete t-partite graphs
as following theorem:
Theorem 1.5. Let G be a complete t-partite graph. G is shellable if and only
if G be t-colorable such that exactly one of color classes has arbitrary elements
and other classes have only one element.
Definition 1.6. A simplicial complex ∆ is recursively defined to be vertex
decomposable if it is either a simplex, or else has some vertex v so that
i)Both ∆ \ v and linkv∆ are vertex decomposable and
ii)No face of linkv∆ is a facet of ∆ \ v, where
linkF∆ = {G : G ∩ F = ∅, G ∪ F ∈ ∆}.
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We call a graph G vertex decomposable if the simplicial complex ∆G is ver-
tex decomposable.
By using above theorem, we present an equivalent condition for vertex decom-
posability in complete t-partite graphs as following corollary:
Corollary 1.7. Let G be a complete t-partite graph. G is vertex decomposable
if and only if G be t-colorable such that exactly one of color classes has arbitrary
elements and other classes have only one element.
Definition 1.8. A local ring (R,m) is called Cohen-Macaulay if depth(R) =
dim(R). If R is non local and Rp is a Cohen-Macaulay local ring for all
p ∈ Spec(R), then we say that R is a Cohen-Macaulay ring.
Definition 1.9. The graph G is said to be Cohen-Macaulay over the field k
if R/I(G) is a Cohen-Macaulay ring.
Definition 1.10. Let G be a graph with vertices V (G) = {x1, . . . , xn}. A
subset A ⊆ V (G) is a vertex cover of G if every edge in G is incident to some
vertex in A. A vertex cover A is minimal if no proper subset of A is a vertex
cover.
Definition 1.11. A graph G is called unmixed if all the minimal vertex covers
of G have the same number of elements.
Herzog, Hibi, and Zheng [8] proved that a chordal graph is Cohen-Macaulay
if and only if it is unmixed. By using it, we show when a complete t-partite
graph is Cohen- Macaulay as following corollary:
Corollary 1.12. Let G be a complete t-partite graph. G is Cohen-Macaulay
graph if and only if G be t-colorable such that all color classes have exactly one
element.
2. Main results
Lemma 2.1. Let G be a graph. If χ(G) = t then iM(G) ≥ t.
Proof. Since χ(G) = t then there exist t color classes for G, hence we consider
G as a t-partite graph. We suppose that Vi is set of elements i-th color class. By
definition, Vi is a independent set of G, then there exists maximal independent
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set Fi that Vi ⊆ Fi, for all 1 ≤ i ≤ t. Hence, there exist at least t maximal
independent sets for G. 
Remark 2.2. By definition of complete t-partite graphs we have that iM(G) =
t.
The first author represented sufficient condition of following theorem in [11].
Theorem 2.3. Let G be a complete t-partite graph. G is shellable if and only
if G be t-colorable such that exactly one of color classes has arbitrary elements
and other classes have only one element.
Proof. ⇐) We have to find a shelling F1, . . . , Ft for ∆G. Let V (G) = {x1, . . . , xn}.
Since proper t-vertex coloring gives a partition of V (G) into t color classes, we
suppose that the set of elements of i-th color class be Vi. By assumption,
V1 = {x1, . . . , xm}, m = n − t + 1, Vi = {xm+i−1} for all 2 ≤ i ≤ t. Any Vi,
1 ≤ i ≤ t is an independent set. Since for any 2 ≤ i ≤ t, if xm+i−1 ∈ V1 then
we can replace V1 by V1 ∪ Vi and obtain a t− 1-partition for G that is a con-
tradiction to the assumption that t is the smallest number with this property.
So V1 is a maximal independent set of G and a facet of ∆G. We put F1 = V1.
On the other hand, we have Vi = {xm+i−1} as an independent set of G, for all
1 ≤ i ≤ t. With the same argument, we have Fi = Vi. Therefore, we find an
ordering on the facets of ∆G as follows:
F1 = {x1, . . . , xm}, F2 = {xm+1} ,. . ., Ft = {xm+t−1}.
Since Fi \ F1 = {xm+i−1} for all 2 ≤ i ≤ t, then F1, · · ·Ft is a shelling of ∆G.
⇒)Let V1, . . . , Vt be a partition of V (G) by definition complete t-partite graph.
Since iM(G) = t then ∆G has exactly t facets. Let F1, . . . , Ft be a shelling of
∆G. Since Vi’s are maximal independent sets then {V1, . . . , Vt}={F1, . . . , Ft}.
Without loss of generality, suppose that Fi = Vi for all 2 ≤ i ≤ t. We
know that {F1, . . . , Ft} is a shelling, hence there exists x2 ∈ F2 \ F1 such that
F2 \ F1 = {x2}. Therefore F2 = (F2 \ F1) ∪ (F2 ∩ F1) = {x2}.
Now, suppose by induction that F1 = {x1, . . . , xm}, F2 = {xm+1},. . . ,Fi =
{xm+i−1}. Since {F1, . . . , Ft} is a shelling of ∆G then there exists xi+1 ∈
Fi+1 \ F1 and l ∈ {1, . . . , i} such that Fi+1 \ Fl = {xi+1}, then Fi+1 =
(Fi+1 \ Fl) ∪ (Fi+1 ∩ Fl) = {xi+1}. Hence, one of color classes has arbitrary
elements and other classes have exactly one element. 
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Corollary 2.4. Let G be a complete t-partite graph. G is vertex decomposable
if and only if G be t-colorable such that exactly one of color classes has arbitrary
elements and other classes have only one element.
Proof. ⇒) We suppose that for any proper t-vertex coloring of G, there exist at
least two classes with at least two elements. Then G isn’t shellable by previous
theorem. Hence, G isn’t vertex decomposable by [5,Corollary 7].
⇐) By assumption, we conclude that G is a chordal graph. Hence, G is vertex
decomposable by [5,Corollary 7]. 
Theorem 2.5. Let G be a complete t-partite graph. G is unmixed if and only
if G be t-colorable such that all color classes have the same number of elements.
Proof. Since any minimal vertex cover of complete t-partite graph G contains
all the elements of t− 1 classes, then any t− 1 classes have the same number
of elements if and only if cardinality of classes be similar. 
Corollary 2.6. Let G be a complete t-partite graph. G is Cohen-Macaulay
graph if and only if G be t-colorable such that all color classes have exactly one
element.
Proof. ⇐) By assumption, we have G = Kt then G is a chordal graph.
By[8,Theorem 2.1]G is Cohen-Macaulay if and only if G is unmixed. Hence,
the conclusion follows from Theorem 2.5.
⇒) We suppose that one of color classes has at least two elements.Therefore, G
isn’t unmixed and hence G isn’t Cohen-Macaulay by[4,Proposition 6.1.21]. 
By above Corollary and Theorem 2.3, we have following corollary:
Corollary 2.7. Let G be a complete t-partite graph. The property of being
Cohen-Macaulay for G is equivalent to being shellabel if and only if G is t-
colorable such that all color classes have exactly one element.
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